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Fig. 1. Calculation of coefficients in Guyon’s transfer length formula.

The draw-in can be calculated as:
¢
S= j (£ —€p — & )dx )

In the case of constant bond stress distribution, both the
tendon and concrete strains are linear [see Fig. 1(a)]. Hence:

S=g,0,/2

where o = 2. In the case of linear bond stress distribution,
both strains are parabolic [see Fig. 1(b)]. Therefore:

S=(e,+&,), 13=€,L,13

where o= 3.

Polish researchers® obtained o = 2.86 from test results and
den Uijl* obtained a = 2.46 by experimental and theoretical
studies on hollow-core slabs prestressed by seven-wire
strands.

The disadvantage of Eq. (1) is that an initial assumption is
made about the bond stress distribution although it is a func-
tion of the slip distribution. Also, only two extreme values
of the bond stress distribution (hence that of the transfer
length) are considered.

The proposed equations intend to compensate for the in-
completeness of Eq. (1) by deriving the bond stresses from
the slips. The derived equations are available for any tendon
types; however, the examples in this paper are applied only
to % in. (12.8 mm) seven-wire strands.

The ACI provisions® for the development length of pre-
stressing strand implicitly include the transfer length (based
on tests by Hanson and Kaar”) as a function of the effective
prestress (f,,) and the nominal tendon diameter (d,). Substi-
tuting ST units:

S @3
¢ =Jse g )
t 21 b

When using inch-pound units, the denominator is 3 ksi
rather than 21 MPa.
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MODIFICATION OF
GUYON’S FORMULA

The solution of the mathematical model of prestress trans-
fer' enables the determination of the transfer length, the
draw-in and the prestress. These equations are based on a
nonlinear bond stress-slip relationship (for the mean value
of the bond stresses): '

fy=cf;8° @)

where ¢ and b are experimental constants assumed' to be
¢ = 2.055 MPa'? (0.783 ksi?) and b = 0.25 for % in.
(12.8 mm) seven-wire strands.

The transfer length of a prestressing tendon can be ex-
pressed as a function of the initial prestress by:

1-b
4 _ (A+b)f; I (5)
dy, |(1+np,)4(1-b)OK e fl;

where O = dfir/(4Aps) in which @ = 1.287 for % in. (12.8
mm) seven-wire strands and the coefficient x is a constant
for a given problem. [See its parametrical value in Appendix
B by Eq. (b).]
Substituting the coefficient k, Eq. (5) yields:
1-b
(1+b)ES

1+b 1+b
4| fsil 6)
d, 7(2-b) (1- b)(1+b) (1 +np, )CQ fr2a-0

The draw-in can be expressed as a function of the initial
prestress:'

1 1
’ \—
S=db 1+5 1+b [ f:ﬂ'JH.b (7)
8cEp@(1 +np, ) NI
Dividing Eq. (6) by Eq. (7), one obtains:
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Fig. 2. Ratio of transfer length to draw-in vs. initial prestress and power of bond stress-slip relationship.

(2 E
S 1-bf;

This equation gives a relationship between the transfer
length, the draw-in and the initial prestress. For practical
cases, Eq. (8) provides values between 320 and 600 (see
Fig. 2). Substituting b = 0.25, E, = 195000 MPa (28280 ksi)
and f; = 1200 MPa (174 ksi) for /4 in. seven-wire strands:
£,/S =433. A decrease in the prestress produces a hyper-
bolic increase in the ¢,/S ratio.

Expressing the transfer length from Eq. (8):

®)

€

which is essentially Eq. (1) with a different coefficient,
2/(1 — b) (rather than o = 2 or o = 3), which can take into
consideration the shape of the bond stress distribution.

The coefficient b is the power of the bond stress-slip rela-
tionship given by Eq. (4). If b = 4, the bond stress distribu-
tion is linear' and the coefficient is 3. If b tends to be zero,
the bond stress distribution becomes constant and the coeffi-
cient is 2, as proposed by Eq. (1).

Conspicuous in Eqgs. (8) and (9) are that the variables f/,,
dy, © and ¢ are removed by the division of Egs. (6) and (7).
This implies that the concrete strength, the tendon diameter
and the coefficient ¢ of the bond stress-slip relationship are
automatically included in these equations. The reason for
this is that both the transfer length and the draw-in are de-
fined by the same bond stress distribution.
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NONLINEAR APPROACHES

The following two nonlinear equations are developed
from the formulas of prestress transfer.! The transfer length
can be expressed as a function of the draw-in:'

1-b
¢

6, _(18)2
d, K d,

Since both Eqs. (5) and (10) contain the constant k, kK can
be eliminated to obtain:

_ 4+ b)db(Hb) i
" (1+np,)a0-b)0c \f5S° )
The dimensionless form of Eq. (11) is given by Eq. (e) of
Appendix B. Assuming b = 0.25, ¢ = 2.055 MPa'”? (0.783

ksi*?), @ = 1.287 and np, = 0.1 for % in. (12.8 mm) seven-
wire strands, the following equation can be derived:

6, =3.47f, 1 fi'S

(10)

12)

Substituting inch-pound units into Eq. (12), the coeffi-
cient is 0.158 ksi'? in, **

Using the effective prestress rather than the initial pre-
stress, the term 1+ np, in the denominator of Eq. (5) is 1.
The transfer length is obtained as above:

Sse
VIG5 Se

For % in. (12.8 mm) seven-wire strands, the equation
becomes:

_(1+b)a™?”
" 4(1-b)Oc

(13)
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Fig. 3. Stress and slip distributions for various approaches: £;= 1200 MPa (174 ksi), S = 1.42 mm (0.056 in.), /; = 40 MPa

(5.8 ksi) and np =0.1.
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Table 1. Comparison of Guyon and proposed nonlinear equations.

EXAMPLES AND

£;=1200MPa | f£,=1000MPa | f£,=500MPa COMPARISONS
Equation £, = 0.00615 £, = 0.00516 g, = 0.00258 _ _
Equation number $=1.42 mm $ =1.049 mm S =0.346 mm In the following, some calculation
' results are numerically or graphically
£,=2 ESS'_ Eq. (D) 462 406 268 presented comparing Egs. (12) and
_ (17) to Eq. (1). The comparison is
¢ =3.47 A Eq. (12) 604 ‘ 542 358 performed for % in. (12.8 mm) seven-
NEANS wire strands: A, = 100 mm?® (0.155
1§ in.%), © = 1.287, E, = 195000 MPa
£ O g Eq. (17) 609 541 357 (28280 ksi), np, = 0.1 and f;;=40 MPa
(5.8 ksi).
¢ =3 ES_ Eq. (1) 692 610 402 Considering compatible values such
. as f; = 1200 MPa (174 ksi), i.e., &; =
Note: dj, = 12.8 mm (4 in.), A = 100 mm? (0.155 in.?) and E), = 195,000 MPa (28280 ksi). 6.15 x 102 and S = 1.42 mm (0.056
Metric (SI) conversion factors: 1 mm = 0.0394 in.; 1 MPa = 145 psi. 1n) obtained by tests:1©
£, =381f, I\ fiS (14) (e 142 =462 mm with¢=2 (1)
" 712007195000 |=692 mm with =3 (1"
Substituting inch-pound units into Eq. (14), the coeffi-
cient is 0.174 ksi'? in.** 1200
It might be surprising to know that in Eqs. (11) to (14), ! 401,42 mm ( in.) (12
the variables f; or f,, and S are included in an inverse posi- 0625
tion compared to Eq. (1). The correctness of these equations 111 1.42% —609 mm (23.9in.) (7)

is verified by substituting into Eq. (7) a previously devel-
oped' f;; vs. § equation:

1 L+b
dy
which results in an £, /d, vs. S equation' [see Eq. (f) of

Appendix B].

It is also possible to invert the position of the variables f;;
or f,, and S of Egs. (11) to (14) by substituting Eq. (15) into
the numerator of Eq. (11) and Eq. (7) into the denominator
of Eq. (11):

.: {SCEP(I +np, )0 f% (15)

1+b

1-b
1= b1 a(1+b) 1tb
d,2 |(+b)21"° E, S 2 16
Kt = _ i 1 b 2b ( )
1-b (1 +np, )@c

f4(1+b) 1+b
ct

The dimensionless form of Eq. (16) is given by Eq. (g) of
Appendix B. For % in. (12.8 mm) seven-wire strands, it
yields:

0, _11150625/(f,015 04) a7
Substituting inch-pound units into Eq. (17), the coeffi-
cient is 24.7 ksi®* in. **”
Using the effective prestress rather than the initial
prestress:

se

f _10750625/(f,015 04) (18)

Substituting inch-pound units into Eq. (18), the coeffi-
cient is 23.8 ksi®" in, %7

The correctness of Eqgs. (16) and (17) is verified by equating
Egs. (16) and (11). The derived formula is simply Eq. (15).
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"7 2095 0.00615%*

The result of Eq. (1') underestimates and Eq. (1") overesti-
mates the transfer length. (The difference in the results of
Egs. (12) and (17') originates only from a rounding off
error.)

In Fig. 3, the bond stresses, tendon stresses and slips are
presented in addition to the transfer lengths for the previous
example [see also Egs. (c), (d) and (a) of Appendix B]. The
initial prestress and the draw-in are equal in all three cases,
but the maximum bond stresses are different because of
equilibrium conditions.

In the case of compatible f; and S values, Egs. (12) and
(17) provide the same transfer lengths. Those f; and S val-
ues are considered to be compatible which fulfill Eq. (15).
Some of these examples are presented in Table 1. For non-
compatible f; and S values, Eqgs. (12) and (17) may result in
different values.

ANALYSIS OF RESULTS

Unlike Eq. (1), the coefficient oo =2/(1 — b) of Eq. (9)is a
function of the bond stress-slip relationship including its
power, b. The limit values of the « coefficient 2 and 3 pro-
posed by Eq. (1) are obtained substituting % and zero for b,
respectively.

Theoretically, it is not excluded that the coefficient
2/(1 — b) of Eq. (9) is greater than . The coefficient b is the
power of the bond stress-slip relationship given by Eq. (4).
Pull-out test results® show that the power b is greater than 4
for deformed bars having a relatively high rib area.® There-
fore, for a power b to be greater than % is a rare situation for
prestressing tendons.

In Fig. 4, Eqgs. (1), (9), (12) and (17) are graphically com-
pared presenting the sections of the functions with two vari-
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(2) Transfer length vs. Initial prestress. Assumed draw-in: S = 1.42 mm (0.056 in.)
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Fig. 4. Graphical comparison of the transfer length vs. prestress or vs. draw-in equations. Note: £, = 195000 MPa (28280 ksi),
np =0.1 and £, =40 MPa (5.8 ksi).
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ables (f;; and S), in transfer length vs. initial prestress and
transfer length vs. draw-in co-ordinate systems, respec-
tively. The diagrams also indicate the solutions expressed by
one parameter' (f,; or S) adopted for the given data.

Fig. 4 represents that, for compatible f; and S values, all
the herein developed equations intersect for the same trans-
fer length. The intersectional points lie within the strips
formed by the Guyon solutions for o= 2 and o= 3.

Fig. 4(a) shows that the variation in the initial prestress (or
strain) is best followed by Eq. (12) and worst followed by
Eqgs. (1) and (9). The deviations from the one parametrical
solution of Eq. (17) is smaller than that of Egs. (1) and (9).

On the other hand, Fig. 4(b) shows that the variation in
the draw-in is best followed by Eq. (17). The deviations
from the one parametrical solution of Eqgs. (1) and (9) are
less than that of Eq. (12).

This reversed situation originates from the inverse posi-
tion of the variables, f; and S.

The disadvantage in using the two variable approaches is
that the increase of the denominator produces a decrease in
the transfer length, which is not realistic. In view of this
limitation, the best approach is to use Eq. (17) [as shown in
Fig. 4].

CONCLUSIONS

1. Guyon’s transfer length formula:
¢ =asle, M

can be used independently of the concrete strength and ten-
don diameter. The tendon type (wire or strand) and its sur-
face pattern (crimped, indented or deformed) can be taken
into account using an ¢ coefficient such as:

oa=2/(1-b) (In
where b is the power of the assumed bond stress-slip rela-
tionship: f, =c./f;8°.1fb=1%or b - 0, the values a =3
and o = 2 are obtained as proposed by Guyon for linear and
constant bond stress distributions over the transfer length,
respectively. For ' in. (12.8 mm) seven-wire strands,
b = 0.25; therefore, o = 2.67.

2. In addition to the modification for the ¢ coefficient,
two nonlinear equations are developed for the transfer
length as a function of both the draw-in and initial prestress.
Expressing them for % in. (12.8 mm) seven-wire strands:
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€, =111 8%/ (£7015¢54) (I
or
£ =35f /NS av)

These nonlinear equations provide alternative methods for
evaluating the transfer length of prestressing strand. For
compatible initial prestress (f,;) and free-end slip (S) values,
all of Egs. (IIT), (IV) and (I), when substituting Eq. (I), give
the same transfer length.

Compared to Eq. (I), Eq. (III) follows better the variation
of the draw-in and Eq. (IV) follows better the variation of
the initial prestress.
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APPENDIX A — NOTATION

= area of concrete at cross section considered, mm?
. = area of an individual prestressing strand, mm?
= power of bond-slip relationship

= multiplication factor of bond-slip relationship, MPa'?

Ap
b
c
d, = nominal diameter of prestressing tendon, mm
E. = modulus of elasticity of concrete, MPa

E, = modulus of elasticity of prestressing strand, MPa
§ = bond stress, MPa

fl; = specified compressive strength of concrete at trans-
fer, MPa

fs = stress in prestressing strand, MPa

f. = effective stress in prestressing strand, MPa
f; = initial prestress before losses, MPa
£

. = transfer length (mean value), mm

stressing strand

n = E,/E = modular ratio for pre

K = slip, mm

S = draw-in (free-end slip) of prestressing strand, mm
x = section co-ordinate measured from stressed end, mm
a = coefficient of Eq. (1)

6 =s/d,

g = concrete strain

g, = concrete strain just after transfer

€, = strain of prestressing tendon

g, = tendon strain just after transfer

g, = initial strain of prestressing tendon

& =uxld,

Py =A,/A,

k = coefficient [see Eq. (b} of Appendix B]

APPENDIX B — DERIVATIONS

To make the main part of this paper easier to follow, the
source of some of the quoted equations,’ together with a few
intermediate steps, are summarized. The origin of the co-
ordinate axis is at the stressed end of the transfer length and
directed towards the end face of the member. The notations
are explained in Appendix A.

Slip distribution over the transfer length' (mean value):

2

6(8)=5(8)1 d, = kTS @

where
1

2c(1-b)*(1+np, )0 __|i-b
= (1+b)E, Va ®)

Bond stress distribution over the transfer length' (mean
value):
2b

Ir :C\s"ﬁxbér_; ©

Tendon stress distribution over the transfer length' (mean
value):
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1+b

41-b)O , 7 le1p
Jos =fse_[—ﬁ“’( Cv@}él b @
Dimensionless form of Eq. (11):
ﬁ _ 1+b f:ﬂ'
dy (1+np,)4(1-b)Oc(f5 [ s J” ()
dy

Transfer length vs. draw-in relationship:’

f | (1+b)E,

dy | 2c(1-b)*(1+np, e
Dimensionless form of Eq. (16):
5b-1

4 1 |(+b2t  E,
d, 1-b (1+npp)@ NE

s 1-b
\/’7 (Z) ®

1+b

1-b -
2(14b) [i) g
dbi (2

26
1+b
Esi
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