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A systematic procedure is pre-
sented for predicting the material
behavior of different weight con-
cretes and the time-dependent struc-
tural deformation of non-composite
and composite prestressed concrete
structures. Continuous time func-
tions are provided for all needed
parameters, so that the general equa-
tions for predicting loss of prestress,
camber and deflection readily lend
themselves to computer solution.

Results computed by the material
parameter equations are compared
with representative data in the liter-
ature for normal weight, sand-light-
weight, and all-lightweight con-
crete. Computed loss of prestress
and camber are compared with ex-
perimental data for a sand-light-
weight, composite, prestressed con-
crete bridge, and with data in the
literature for non-composite and
composite structures constructed of
different weight concretes. Both
laboratory specimens and actual
structural members are included in
the comparisons. Ranges of variation

for material behavior, loss of pre-
stress and camber are given.

Methods are also presented for
predicting the effect of non-pre-
stressed tension steel in reducing
time-dependent loss of prestress and
camber, and for determining short-
time deflections of uncracked and
cracked prestressed members (either
with or without non-prestressed ten-
sion steel). Comparisons with experi-
mental results are made for these
partially prestressed methods.

The procedures in this paper for
predicting time-dependent material
and structural behavior represent a
nominal approach for design pur-
poses, and are neither definitive nor
statistical. Probabilistic methods are
needed for an accurate estimate of
variability of behavior.

CONCRETE PROPERTIES

Strength and elastic properties. A
study of concrete compressive
strength vs. time for 88 specimens
reported in References 1 to 6 indi-
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Presents general equations for predicting loss of prestress and '
camber of both composite and non-composite prestressed concrete
structures. Continuous time functions of all parameters needed to
solve the equations are given, and sample results included.
Computed prestress loss and camber are compared with
experimental data for normal weight and lightweight concrete.
Methods are also presented for predicting the effect of
non-prestressed tension steel in reducing time-dependent loss of
prestress and camber, and for the determination of short-time deflections
of uncracked and cracked prestressed members. Comparisons with
experimental results are indicated for these partially prestressed
methods.

cates an appropriate general equa-
tion in the form of Eq. (1) and aver-
age value Eqs. (2) to (5) for predict-
ing strength at any time 6,7 ' 8 .

(f^)t = a + bt (f^ )2sd 	 (1)

where a and b are constants; (f ,)2sd
= 28-day compressive strength; t is
age of concrete in days; and . (f)
refers to an ultimate (in time) value.

Steam cured concrete,
Type I cement:

(f`' )r	 1.00 + 0.95t (f: . )ssd	 (4)

or

(fc)2d = 0.69 (f)28d
(fc)u = 1.05 (f)28d
Steam cured concrete,
Type III cement:

Moist cured concrete,
Type I cement:

(fc)t	 4.00 + 0.85t (fc)28d

or

(f) = 0'70 (f)28d

(f),,= 1.18 (f)28d
Moist cured concrete,
Type III cement:

'(f)t	 "(f` )L	 2.30 + 0.92t c 2Sd

or

(f)7d = 0.80 (f)28d
(fc)u = 1.09 (fc)2Sd
September-October 1971

(fc)t =	 t 	 (fc)28d 	 (5)0.70+0.981
or

(2) (t)2d = 0.75 (fc)2Sd

(f^)u = 1.02 (f'1)28d
Eqs. (2) to (5) are compared in

Fig. 1 with data from References 1
to 6, which include different weight
concretes, both moist and steam cur-
ing, . and Types I and III cement..

(3) The ranges of variation in the data
(within about ± 20%) and the effect
of type of curing and cement type
(see the relative "flatness" of the
strength-time curves) can be seen in
Fig. 1.
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Fig. 1. Concrete strength vs. time, comparing Eqs. (2) to (5) with experimental
data from References 1 to 6. Where three data points are shown for a given age,
they refer to upper, lower and average values for a given set of data. Where only
one data point is shown, the range is too small to indicate. Data for 88

specimens are included.

The basis for the equations is the
28-day strength. However, in the
case of Eqs. (4) and (5), the type of
steam curing may affect substantially
the strength-time ratio in the early
days following curing. Eqs. (2) to
(5) were found to be equally applic-
able for normal weight, sand-light-
weight, and all-lightweight aggre-
gate concretes.

Eq. (6) is considered satisfactory
in most cases for computing modulus
of elasticity of different weight con-
cretes (9,10)

Ee=33w1.5	(6)
where w is given in lb. per cu. ft.
and f , and E0 in psi.

Creep and shrinkage parameters.
Based largely on information from
References 3 to 6 and 11 to 19, the
general Eqs. (7) and (8) and the
standard Eqs. (9) to (11) are recom-

mended for predicting a creep co-
efficient (defined as ratio of creep
strain to initial strain) and unre-
strained shrinkage of concrete at
any time(6'7'8>.

General equations:

_ to

C` d +toC 	 (7)

( E h)t = + to (e81)5 	 (8)f 
where c, d, e and f are constants,
and t is time in days after loading
for creep and, for shrinkage, time
after initial shrinkage is considered.

Standard equations: Eq. (9) to (11)
can be used for predicting creep and
shrinkage for "standard" conditions
of slump 4 in. or less, 40 percent
ambient relative humidity, minimum
thickness of member 6 in. or less,
loading age 7 days for moist cured,
and 1 to 3 days for steam cured con-
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Fig. 2. Creep coefficient vs. time, comparing Eq. (9) with published data. Upper,
lower and average values are plotted. All data reduced to "standard" conditions
using correction factors. Legend (3, 21) indicates Reference 3 and 21 data points.
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Fig 3. Shrinkage strain vs. time, comparing Eq. (10) with published data. Upper,
lower and average values are plotted. Data reduced to "standard" conditions
using correction factors. Legend (3, 21) indicates Reference 3 and 21 data points.
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crete. For other than "standard" con-
ditions, correction factors described
in the following section must be
used.

The standard equation for creep is
to.60

Ct 10 + tuso C',	 (9)

The average value suggested for C.
is 2.35 when specific data for local
aggregates and conditions are not
available. From Eq. (14) , for H =
70%, Cu = 0.80(2.35) = 1.88, for ex-
ample. For the bridge girder sand-
lightweight concrete (steam cured)
herein, H was 70%, and the experi-
mental C,, = 1.72.

The standard equation for shrink-
age at any time after age 7 days
for moist cured concrete is

(Es^^)t — 35
t
 + t (E,I,), (10)

The average value suggested for
(e g g,), is 800 X 10 -6 in. per in., to be
used when local data are not avail-
able. From Eq. (15) for H = 70%,

(Esn)u = 0.70(800 X 10- 6) = 560 X
10 - 6 in./in., for example.

The standard equation for shrink-
age at any time after age 1 to 3 days
for steam cured concrete is

(Esh)t — 55 t t (Esn)u 	 (i1)

The average value suggested for
(Eu ,,)u is 730 x 10- 6 in. per in., to be
used in the absence of local data.
From Eq. (15) for H = 70%, (E,h)u =
0.70(730 x 10- 6) = 510 x 10- 6 in./
in., for example. For the bridge gird-
er sand-lightweight concrete (steam
cured) herein, H was 70%, and the
experimental (e80)u = 392 x 10- 6 in./
in.

Eqs. (9) to (11) are compared with
representative data (120 creep and
95 shrinkage specimens) in Figs. 2,
3 and 4, in which upper and lower
limits and average values are shown.
These equations consist of a "time-
ratio" term which modifies an ulti-
mate value (in time) for creep and
shrinkage. The appropriate level of

1200

1000

t
(£ sh) t- 55 + t

t
sh) t- 55 + t (730)

■

1ҟ1T ^C- 	 t (470) 1orO(E sh) t 55 + t
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Time in days after initial shrinkage considered (after age 1-3 days)

Fig. 4. Shrinkage strain vs. time, comparing Eq. (11) with published data. Upper,
lower and average values are plotted. All data reduced to "standard" conditions
using correction factors. Legend (15, 8) indicates Reference 15 and 8 data points.
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Table 1. Time-ratio values for creep and shrinkage

Time
1 month 3 months 6 months 1 year 5 years

C t /C,- Eq. (9) 0.44 0.60 0.69 0.78 0.90
(Esh)t/(Esh)u Eq. (10) 0.46 0.72 0.84 0.91 0.98
(Eah)t/(Esh)^ Eq. (11) 0.35 0.62 0.77 0.87 0.97

curve for a given case is thus con-
veniently defined by the ultimate
value, with the same time-ratio term
used in general. For example, it has
been shown("$ ) that these equations
can. be used to extrapolate 28-day
creep and shrinkage data to com-
plete time curves quite well for
creep, and reasonably well for
shrinkage, for a wide variety of data.

Normal weight, sand-lightweight,
and all-lightweight concrete, using
both moist and steam curing, and
Types I and III cement, are in-
cluded. No consistent variation was
found between the different weight
concretes for either creep or shrink-
age. The average values of C, and
(€sh)u given with Eqs. (9) to (11)
should be used only in the absence
of specific creep and shrinkage data
for local aggregates and conditions.
However, the "time-ratio" terms in
Eqs. (9) to (11) appear to be gen-
erally applicable (see Table 1 for
values).
Correction factors. All correction
factors ( 6,T,$ > are applied to ultimate
values. However, since creep and
shrinkage for any period in Eqs. (9)
to (11) are linear functions of the
ultimate values, the correction fac-
tors in this procedure may be ap-
plied to short-term creep and shrink-
age as well.

For loading ages later than 7 days
for moist cured concrete and later
than 1 to 3 days for steam cured con-
crete: Use Eqs. (12) and (13) for the
creep correction factors.

Creep (C.F.)LA = 1.25 tjA-118

for moist cured concrete	 (12)

Creep (C.F.)LA = 1.13 tao-095

for steam cured concrete 	 (13)

where tLA is the loading age in days.
Representative values are shown in
Table 2.

For shrinkage considered from
other than 7 days for moist cured
concrete and other than I to 3 days
for steam cured concrete: Determine
the differential in Eqs. (10) and (11)
for any period starting after this
time. For shrinkage of moist cured
concrete from 1 day (can be used
to estimate differential shrinkage in
composite beams, for example),
shrinkage C.F. = 1.20. A linear in-
terpolation may be used between
1.20 at 1 day and 1.00 at 7 days.

For greater than 40 percent am-
bient relative humidity: Use Eqs.
(14) to (16) for the creep and shrink-
age correction factors(7,16,20)

Creep (C.F.)H = 1.27 - 0.0067 H
when H ? 40% 	 (14)

Table 2. Creep correction factors for
various non-standard loading ages,

computed by Eqs. (12) and (13)

tr,A , days Creep Creep
(C.F.)LA (C.F.)LA

moist cured steam cured

10 0.95 0.90
20 0.87 0.85
30 0.83 0.82
60 0.77 0.76
90 0.74 0.74
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Table 3. Creep and shrinkage
correction factors for non-standard

relative humidity, computed by
Eqs. (14) to (16)

Relative
humidity,
H, percent

Creep
(C.F.)H

Shrinkage
(C.F.)H

40 or less 1.00 1.00
50 0.94 0.90
60 0.87 0.80
70 0.80 0.70
80 0.73 0.60
90 0.67 0.30

100 0.60 0.00

Shrinkage (C.F.)x = 1.40 — 0.010 H
when 40% : H - 80%	 (15)

Shrinkage (C.F.) 11 = 3.00 — 0.030 H
when 80% H 100% (16)

where H is relative humidity in per-
cent (See Table 3).

For minimum thickness of mem-
bers greater than 6 in., see Reference
7 or 8 for the creep and shrinkage
correction factors as a function of

loading period and length of drying
period. For most design purposes,
this effect can be neglected for creep
of members up to about 10 to 12 in.
minimum thickness, and for shrink-
age of members up to about 8 to 9
in. minimum thickness (3.6.7.8.21) . For
large thickness members, see Refer-
ence 21 and others for relating size
and shape effects for creep and
shrinkage to the volume/surface
ratio of the member.

For slumps greater than 4 in., see
Reference 7 or 8 for the creep and
shrinkage correction factors. This
can normally be neglected, except
for high slumps.

Other correction factors for creep
and shrinkage, which are usually not
excessive and tend to offset each
other, are described in References 6,

7 and 8. For design purposes, in
most cases, these may normally be
neglected (except possibly for the
effect of member size and slump as
discussed above).

LOSS OF PRESTRESS, CAMBER AND DEFLECTION

Non-composite beams at any time. The loss of prestress, in percent of initial
tensioning stress, is given by Eq. (17).

(1)	 (2)	 (3)

PLt =[(nfc) + (nf,)Cc 1— 2 Fo + (€) E8 /( 1 + npks)

(4)

	

+ 100 1.5 login 
t_I 

f^00
	

(17)

Term (1) is the prestress loss due to elastic shortening. f, =--
  + FIe- — I^ e and n

is the modular ratio at the time of prestressing. Frequently F,, A,,, and I, are used as
an approximation instead of F,, Ar, and It, where F. = F, (1 — np). Only the first two
terms for /, apply at the ends of simple beams. The first term alone for f may yield a
satisfactory average value in some cases. Term (1) must be adjusted for post-tensioned
members. For continuous members, the effect of secondary moments due to prestressing
should also be considered.

Term (2) is the prestress loss due to concrete creep. The expression, Ce (1 — 2 F, , was
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used in References 22 and 25 to approximate the creep effect resulting from the
variable stress history. See Table 4 for approximate values of 0 F:/F., (in form of 0 F./F.
and A Fv./ Fo) for this secondary effect (expression in parenthesis) at 3 weeks to 1 month,
2 to 3 months, and ultimate values.

Term (3) is the prestress loss due to shrinkage. The expression, (e,,), Es, somewhat
overestimates (on safe side). The denominator represents the stiffening effect of the steel` ).

Term (4) is the prestress loss due to steel relaxation for stress-relieved wire or strand
with a recommended maximum value — 7.5 percent at or above 106 hr. = 11.4 yr.'",80'
In this term, t is time after initial stressing in hours. This expression applies when f/ f,,
is between 0.60 and 0.90, in which fy is the 0.1 percent offset yield strength. For low-
relaxation steel, use f.t X 0.60 logo t = 100 with a recommended maximum value = 3.0
percent.

The camber for non-composite beams is given by Eq. (18). It is suggested
that an average of the end and midspan loss of prestress be used for straight
tendons and 1-point harping, and the midspan loss of prestress for 2-point
harping (bridge girders herein) (6)•

(1)	
(2)
	 (3)-

At = (a)F. — (Di)n + [- FFt -1- (1 — AFB) Ct] (At)F.

(4) 	 (5)

	

— Ct(1 )r, — A,
	

(18)

Term (1) is the initial camber due to the initial prestress force after elastic loss, F.,.
See Appendix B for common cases of prestress moment diagrams, with formulas for com-
puting camber (i)p. Here F, = Fi (1 — n f^/fs ,), where f., is determined as in Term (1)
of Eq. (17). For continuous members, the effect of secondary moments due to prestressing,
which normally results in a reduction in camber, should also be included.

Term (2) is the initial dead load deflection of the beam. (A )v = KM L4 /(E, 1 I,). I, is
suggested instead of I t for practical reasons. See Notation in Appendix A for K and M.

Term (3) is the creep (time-dependent) camber of the beam due to the prestress
force. This expression includes the effects of creep and loss of prestress, that is, the creep
effect under variable stress. 0 F, refers to the total loss at any time minus the elastic
loss. The term, OF,/F,, refers to the steel stress or force after elastic loss; the prestress
loss in percent, PL (as used herein), refers to the initial •tensioning stress or force. The
two are related as:

F	 100 (PL, — PL e :) ff

and can be closely approximated by:

r — 100 (PL: — PLe,) 1 1F 	 np

Term (4) is the dead load creep deflection of the beam.
Term (5) is the live load deflection of the beam.

Unshored and shored composite beams at any time. Subscripts 1 and 2 are
used to refer to the slab (or effect of the slab such as slab dead load) and
precast beam, respectively. The loss of prestress, in percent of initial tension-
ing stress for unshored and shored composite beams, is given by Eq. (19).
September-October 1971 	 Y9



(1)	 (2)	 (3)

OFS +^Ft 12
PLt = [(nfc) + (nf,)Csa ^1— 	 ,) + (nf,) (C52 — C92) (1 —	 2 Fo 	 )2F 	 Ic

(4)	 (5)	 (6)	 (7)	 (8)

+ ( e )  E 3/(1+ npk,) + 100 1.51og 10 t — (mf,․) — (mf's) Cti — PGDS1100(19)Jf-i
Term (1) is the prestress loss due to elastic shortening. See explanation of Term (1) of

Eq. (17) for the calculation of f^.
Term (2) is the prestress loss due to concrete creep up to the time of slab casting.

C,, is the creep coefficient of the precast beam concrete at the timeof slab casting.

See Term (2) of Eq. (17) for. comments concerning the reduction factor, (1 — - Fo )

Term (3) is the prestress loss due to concrete creep for any period following slab casting.
Cu is the creep coefficient of the precast beam concrete at any time after slab casting.

The reduction factor, (1 — F+
 2 F. Ft) , with the incremental creep coefficient, (C,2 

C 22), estimates the effect of creep under the variable prestress force that occurs after slab
casting. The reduction factor term was modified from previous references. The expression,
I,/I,, modifies the initial value and accounts for the effect of the composite section in
restraining additional creep curvature (strain) after slab casting.

Term (4) is the prestress loss due to shrinkage. See Term (3) of Eq. (17) for comment.
Term (5) is the prestress loss due to steel relaxation for stress-relieved wire or strand.

In this term t is time after initial stressing in hours. See comments for Term (4) of Eq. (17)
for the maximum value and limitating conditions, and corresponding information for low-
relaxation steel.

Term (6) is the elastic prestress gain due to slab dead load, and m is the modular
ratio at the time of slab casting. fps = (M,,0c)e/19. M,,D refers to slab or slab plus dia-
phragm dead load. e and Ig refer to the precast beam section properties for unshored
construction and the composite beam section properties for shored construction.

Term (7) is the prestress gain due to creep under slab dead load. Cu is the creep
coefficient for the slab loading, where the age of the precast beam concrete at the time
of slab casting is considered. For shored construction, drop the term, 12/I2.

Term (8) is the prestress gain due to differential shrinkage. PGns = mf 9a, where f <a =
Q ye s e6 /I9, and f,, is the concrete stress at the steel c.g.s. Since this effect results in a
prestress gain, not loss, and is normally small (see Table 8), it may usually be neglected.

The camber of unshored and shored composite beams is given by Eqs_
(20) and (21), respectively.

Unshored construction:

(1)	 (2)	 (3)

O t = (O.L)F,o — (Oti)z + — FF8 + ^1— A 1 o

/

 C82] (Da)10

(4)	 (5)

+[ — Ft F F3 + 11— 
D F F0 Ftl 

(Cr2 — Cs2)] (A5)F. j^ — Cs2 (A5)2
J

(6)	 (7)	 (8) 	 (9)	 (10)

— (Ct2 — C52) (A5)21 — (A5)1 — Cti (A5)' j- — AD — AL	 (20)
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Term (1) is the initial camber due to the initial prestress force after elastic loss, Fo.
See Term (1) of Eq. (18) for additional comments.

Term (2) is the initial dead load deflection of the precast beam. (At)_ = K M 2 L2 /(E, Ii).
See Term (2) of Eq. (18) for additional comments.

Term (3) is the creep (time-dependent) camber of the beam, due to the prestress force,
up to the time of slab casting. See Term (3) of Eq. (18) and Terms (2) and (3) of Eq. (19)
for additional comments.

Term (4) is the creep camber of the composite beam, due to the prestress force, for any
period following slab casting. See Term (3) of Eq. (18) and Terms (2) and (3) of Eq. (19)
for additional comments.

Term (5) is the creep deflection of the precast beam up to the time of slab casting
due to the precast beam dead load. C O2 is the creep coefficient of the precast beam con-
crete at the time of slab casting.

Term (6) is the creep deflection of the composite beam for any period following slab
casting due to the precast beam dead load. See Term (3) of Eq. (19) for additional com-
ments.

Term (7) is the initial deflection of the precast beam under slab dead load. (At), =
K M, L2/(E 2, I9 ). See Notation for K and M. When diaphragms are used, add to (_A,)i:

M,nL" 	 a°
E,,Ig(8

where M I D is the moment between diaphragms, and a is L/4, L /3, etc., for two sym-
metrical diaphragms at the quarter points, third points, etc., respectively.

Term (8) is the creep deflection of the composite beam due to slab dead load. Cep is
the creep coefficient for the slab loading, where the age of the precast beam concrete at
the time of slab casting is-considered. See Term (3) of Eq. (19) for comment concerning
I,/I2.

Term (9) is the deflection due to differential shrinkage. For simple spans, ADS =
Q y22L2/8E,,1 2 , where Q = DA,E, /3. The factor 3 provides for the gradual increase in
the shrinkage force from day 1, and also approximates the creep and varying stiffness
effects`'". This factor 3 is also consistent with the data herein and elsewhere. In the case
of continuous members, differential shrinkage produces secondary moments (similar to
the effect of prestressing but normally opposite in sign) that should be considered.

Term (10) is the live load deflection of the composite beam, in which the gross-section
flexural rigidity, Ed6, is normally used.

Shored construction:

A t = Eq. (20), with Terms (7) and (8) modified as follows: 	 (21)

Term (7) is the initial deflection of the composite beam under slab dead
load. (Ai) 1 = K Ml L'/E C8 I,. Term (8) is the creep deflection of the com-
posite beam under slab dead load = C,1 (Ati)r, The composite section effect
is already included in Term (7).

It is suggested that the 28-day moduli of elasticity for both slab and pre-
cast beam concretes, and the gross I (neglecting the steel), be used in com-
puting the composite moment of inertia, I, in Eqs. (19) to (21).

Special cases of ultimate values. For computing ultimate values of loss of
prestress, camber and deflection, Eqs. (22) to (26) correspond term by term
to Eqs. (17) to (21), respectively.

Loss of prestress for non-composite beams, as per Eq. (17):

(1)	 (2)	 (3)	 (4)

PLu = [(nf,) + (nfc)C,, (1—_+ (esht^ E3 /(1 + npks) + 0.075 f$ti] 	(22)
 /Ɂ f.
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Camber of non-composite beams, as per Eq. (18):

(1)
 	

(2)
	 (3)	 (4)	 (5)

All = (Ati)ro — (A^)n + [— F̂u + (1 — 2 F.
)c,.] ()F, - CU(^)n -:	 (23)

Loss of prestress for unshored and shored composite beams, as per Eq. (19):

( 1 )	 (2)	 (3)

PL,, = [(nf,) + (nf) (a., C	

\

) (1— 2 Fo I + (nf,) (1	

/
— a,)Cu 11— 

F FA Ful Ic

(4)	 (5)	 / (6)	 (7) \	 (8)

+ ( Esh),, E8/(l+ npk8) +	 — (mf,8) — (mfrs) (a8C^)  —PGs] f00 (24)

Camber of unshored composite beams, as per Eq. (20):

(1)	 (2)	 (3)

A _ ^ F„ — (^2 + [— FF4 + (i—) a s C„] (A,)F„

+ 

L

r— F, — A F8 + (i_
  O F +n F„ (1— as)C ] ()Fo—

(6) 	 (7)	 (8)	 (9) (10)

— (1— a8)C„(a)z j^ — (d;)i — A'Cu(^ti)i 12 — Ons — Ai,	 (25)

Camber of shored composite beams, as per Eq. (21):

A. = Eq. (25), except that the composite moment of inertia is used in
Term (7) to compute (d i)1, and the ratio, 12/IC, is eliminated in Term (8). (26)

Eqs. (17) to (26) could be greatly shortened by combining terms and sub-
stituting the approximate parameters given in the next section, but are pre-
sented in the form of separate terms in order to show the separate effects or
contributions to the behavior, such as effects due to prestress force, dead
load, creep, shrinkage, etc., that occur both before and after slab casting.

Grossly approximate equations.

Non-composite beams

+24^1
&C	

D F,,,
- 2Fo	 (27)

with A^, = (Ai)F. - (A%)D

Composite beams
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PLu = Inf,(1 + 2u J — n f c8 + (EBh.) ..EB + 0.075 f s ] 
100 	

(28)

A- = Ai + Az C2c (I2 /Ic)
	

(29)
with Ai = (^)F. — (A,)2 — (i4

Summary of general or average
parameters. Continuous time func-
tions are provided for all needed
material parameters (and for differ-
ent weight concretes, moist and
steam cured), so that the equations
readily lend themselves to 'computer
solution. Certain other read-in data
(such as for the effect of behavior
before and after slab casting—a,, (38,
m, and AF8 /F0) are also included.

The loss of prestress ratios at time
of slab casting and at ultimate,
given in Table 4, are suggested for
most calculations. These are defined
as the total loss (at slab casting and
ultimate) minus the initial elastic
loss divided by the prestress force
after elastic loss. The .different values
for the different weight concretes
are due primarily to different initial
strains (because of different E) for
normal stress levels.

Table 5 gives average modular
ratios based on fi = 4000 to 4500 psi

for both moist cured (M.C.) and
steam cured (S.C.) concrete and
Type I cement; up to 3 months f
= 6360 to 7150 psi (using Eq. 2) for
moist cured and f = 6050 to 6800 psi
(using Eq. 4) for steam cured; and
for both 250K and 270K prestressing
strands. E8 =27 x 106 psi for 250K
strands, E 8 = 28 X 106 psi for 270K
strands.

a8 and /38 given in Table 6 may be
used for all concrete weights, both
Type I and Type III cement, moist or
steam cured, and for the "standard"
conditions of Eq. (9). a, refers to
the part of the total creep that takes
place before slab casting

t0.co

asҟ10 + tu.cu

as per Eq. (9) and /38—average creep
(C.F.)LA from Eqs. (12) and (13)
is the creep correction factor for the
precast beam concrete age when the

Table 4. Loss of prestress ratios for different concretes

Ratio Normal Sand-light- All-light-
weight concrete weight concrete weight concrete

(w = 145 pcf) (w = 120 pcf) (w = 100 pcf)

A FR /Fo for
3 weeks to 1 month 0.10 0.12 0.14
between prestressing
and slab casting

A F,/F0—for 2 to 3
______________-

months between pre- 0.14 0.16 0.18
stressing and slab
casting

0 FU/FO 0.18 0.21 0.23
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Table 5. Average modular ratios

Time condition Normal weight Sand- All-
lightweight lightweight

(w = 145 pcf) (w = 120 pcf) (w = 100 pcf)

M .C. S.C. M.C. S.C. M.C. S.C.

n at release 7.3 7.3 9.8 9.8 12.9 12.9of prestress

m for indicated	 3 weeks 6.1 6.2 8.1 8.3 10.7 10.9
time between	 l 1 month 6.0 6.2 8.0 8.2 10.5 10.7
prestressing and 2 months 5.9 6.1 7.9 8.2 10.2 10.6
slab casting	 Jҟ3 months 5.8 6.0 7.7 8.0 10.2 10.5

slab is cast (under slab dead load).
See Eqs. (9) to (11), and the correc-
tion factors herein, for suggested
values of C. and (e87)u.
Numerical calculations. Computed
ultimate loss of prestress at end and
mid-span, using Eqs. (19), (24) and
(28), and ultimate mid-span camber,
using Eqs. (20), (25) and (29), are
shown in Table 7 for the sand-light-
weight, steam cured, composite
bridge girders( 6,33> with moist cured
slab shown in Fig. 5. Both experi-
mental parameters and general or
average parameters are used.

Although the agreement is good
(note the camber is near zero due to
the slab effect) by these methods, the
approximate method may be suit-

Table 6. Average values of ag and die

Time between
prestressing and as fig

casting

3 weeks 0.38 0.85
1 month 0.44 0.83
2 months 0.54 0.78
3 months 0.60 0.75

able in many cases for rough calcu-
lations only. Also, the calculations
needed by the approximate methods
are not significantly fewer than by
the other methods. The more relia-
ble equations should be preferable
for computer use.

COMPARISON OF MEASURED
AND COMPUTED LOSSES AND CAMBER

Sand-lightweight unshored compos-
ite bridge. The measured and com-
puted mid-span camber vs. time
curves for 5 bridge girders (Fig. 5)
are shown in Fig. 6. Computations
were based on Eq. (20) with experi-
mental parameters. The results are
reasonably good, but not precise,
and probably indicate the nature of
the correlation that might be ex-
pected, at best, for this type of be-
havior.

The computed ultimate values of
loss of prestress and camber (using
general Eqs. 19 and 20 with experi-
mental parameters) are shown term
by term in Tables 8 and 9 as an
illustration of the separate contribu-
tions to the total effect.

The ultimate loss of prestress for
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Fig. 5. Sand-lightweight concrete prestressed bridge girders composite with
normal weight concrete deck slab

the sand-lightweight concrete bridge
girders was 29 to 31 percent (See
Fig. 5 and Table 7). It was de-
termined that loss percentages for
bridges under similar conditions
using normal weight concrete will
normally be of the order of

25 percent, and using all-light-
weight concrete will normally be of
the order of 35 percent or higher.
Higher losses for the lighter con-
cretes are due primarily to the low-
er modulus of elasticity (higher elas-
tic strains for a given stress level),

Table 7. Computed ultimate loss of prestress at end and mid-span
and mid-span camber for sand-lightweight bridge girders

Prestress loss, percent Mid-span camber, in.
Girder Eq. (19) Eq. (24) Eq. (28) Eq. (20) Eq. (25) Eq. (29)

No. with with with with with with
exp. general general exp. general general

parameters parameters parameters parameters parameters parameters
EndҟMid EndҟMid EndҟMid

152 29.4ҟ29.6 30.7ҟ34.3 30.5ҟ35.0 0.43 0.51 0.53
153 30.2ҟ30.0 30.6ҟ33.6 30.5ҟ34.4 0.16 0.14 0.14
154 30.2ҟ30.0 30.6ҟ33.6 30.5ҟ34.4 0.16 0.14 0.14
155 29.3ҟ28.7 30.6ҟ33.6 30.5ҟ34.4 0.01 0.14 0.14
156 30.5ҟ31.0 30.7ҟ34.3 30.5ҟ35.0 0.50 0.51 0.53
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Table 8. Computed loss of prestress at mid-span
using Eq. (19) with experimental parameters

Creep Creep Elastic Creep Gain Total
Girder Elastic loss loss Shrink- Relax- gain gain due to loss

No. loss before after age ation due to due to differential
slab is slab is loss loss slab slab shrinkage
cast cast

152 11.5 9.8 2.1 4.5 7.5 -3.7 -1.5 -0.6 29.6
153 12.0 10.3 2.2 4.5 7.5 -4.2 -1.7 -0.6 30.0
154 12.0 10.3 2.2 4.5 7.5 -4.2 -1.7 -0.6 30.0
155 11.5 9.6 2.2 4.5 7.5 -4.3 -1.7 -0.6 28.7
156 12.3 10.3 2.3 4.5 7.5 -3.8 -1.5 -0.6 31.0

and not, necessarily, to greater creep
and shrinkage.
Additional comparisons with data
from four other studies. For each of
four studies( s.22.23.26 ), the mid-span
loss of prestress and camber pre-
dicted by Eqs. (17) to (20) at various
times, using both exerimental mate-
rial parameters reported in the re-
spective studies and general param-
eters given herein, were compared
with the observed prestress loss and
camber. These tests and comparisons
are described in Figs. 7, 8, Table 11,

and below. Some 27 laboratory speci-
mens and 10 actual structural mem-
bers are included.

The University of Florida tests(22)
involved 10 post-tensioned normal
weight concrete laboratory beams of
19 ft. 6 in. spans. The cross-sections
were 8 x 12 in. with 5 composite
slabs, 2 ft. 2 in. x 3 in., cast on half of
the ten beams. The test period was 5
months. The experimental creep and
shrinkage parameters were slightly
larger than the general creep and
shrinkage parameters.

Table 9. Computed mid-span camber using
Eq. (20) with experimental parameters

Initial Initial Creep Creep Creep Creep Elastic Creep Defl. Total
Girder camber defl. camber cambe defl. defl. deft. defl. due to cam-

No. due to due to up to after up to after due to due duff. ber
pre- beam slab slab slab slab slab to shrink

stress DL cast cast cast cast slab age

152 3.71 -1.56 2.33 0.65 -1.42 -0.36 -1.96 -0.78 -0.18 0.43
153 3.87 -1.64 2.39 0.68 -1.49 -0.38 -2.21 -0.87 -0.19 0.16
154 3.87 -1.64 2.39 0.68 -1.49 -0.38 -2.21 -0.87 -0.19 0.16
155 3.72 -1.57 2.28 0.71 -1.40 -0.37 -2.26 -0.91 -0.19 0.01
156 3.96 -1.68 2.38 0.73 -1.50 -0.39 -2.01 -0.81 -0.18 0.50

Notes for Tables 7, 8 and 9: All losses are expressed in percent of initial stress.
The girders were prestressed at age 2 to 3 days. The experimental material
parameters are given in Reference 6. The experimental creep and shrinkage
factors (after correction factors for H = 70%, and 8-in, web thickness) were:

Precast beam creep, C,, = 1.62
Precast beam shrinkage, (e) = 352 x 10- 6 in./in.
Slab shrinkage, from day 1, (El,)„ = 330 x 10- 6 in./in.
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Table 10. Variation between experimental and computed mid-span loss
of prestress and camber at various ages

Using experimental material Using general material
parameters from the papers parameters

Reference Mid-span loss Mid-span Mid-span loss Mid-span
of prestress camber of prestress camber

U. of Florida( 22 ) ±15% ±15% —10% to ±30%
+25%

U. of Illinois( 23 ) ±15% —10% to 0% to +5% to
+20% +15% +40%

Texas A & M Univ;( 26 ) ±15% -±15% -t20% -x-20%
U. of Iowa( 6 ) ±15% ±15% ±25% ±25%

The University of Illinois speci-
mens n23e consisted of 2 pretensioned
non-composite rectangular beams
(4 x 6 in.) of normal weight concrete
and 6-ft. spans. The beams were ob-
served for two years under labora-
tory conditions. The experimental
creep and shrinkage parameters were
somewhat larger than the corre-
sponding general parameters. The
measured modulus of elasticity was
also greater than the computed value
(based on compressive strength), and
this tended to compensate for the
smaller general creep and shrinkage
parameters when used to obtain
computed results.

The Texas A & M University
tests (26) involved 5 non-composite
pretensioned Type B Texas High-
way Department bridge girders (4
lightweight and 1 normal weight)
of 38 to 45-ft. spans. The girders
were observed in the field for a
period of one year. The experimental
creep and shrinkage parameters were
slightly smaller than the general
creep and shrinkage parameters.

The University of Iowa speci-
mens(s) consisted of 15 pretensioned
laboratory beams (6 x 8 in.) of 15-ft.
spans. Twelve were sand-lightweight
concrete and three were all-light-
weight concrete. Nine of the beams
were non-composite and six were
40

composite (slabs 20 x 2 in. and 20 x 3
in.). The test period was 6 months
for 12 of the beams and 1 year for 3
beams. The experimental creep and
shrinkage parameters were slight-
ly smaller than the corresponding
general parameters.

The steel relaxation expression in
the equations was modified in the
prestress loss calculations for post-
tensioned members. In the calcula-
tions using experimental parameters,
E0 was computed using the measured
f and Eq. (6), except as noted.

The comparison of experimental
loss of prestress and camber ob-
served in these four studies with
values predicted by the equations of
this paper is summarized in Table
10. The two left-hand columns show
the percentage by which observed
values varied from those predicted
using experimental parameters; col-
umns on the right make a similar
comparison with predictions based
on average parameters.

It appears that the procedures
presented for predicting loss of pre-
stress and camber will normally
agree with actual results within -!-15
percent when using experimentally
determined material parameters. The
use of the general or average mate-
rial parameters gave predicted re-
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suits that agree with actual results
in the range of ±30 percent. With
some knowledge of the time-depend-
ent behavior of concrete using local
aggregates and under local condi-
tions, it is concluded that one would
normally be able to predict loss of
prestress and camber within about
-}20 percent. In each case, it is
noted that most of the results are
considerably better than these limits.

PARTIALLY PRESTRESSED MEMBERS

Effect of non-prestressed tension
steel in reducing time-dependent
loss of prestress and camber. Based
on the following energy condition,
Eqs. (30) and (31) were devel-
oped(3' :

(Work done by forces in steel)
— (Work done against the beam

dead load)

_ (Change in internal strain
energy)	 (30)

Due to creep:

(kr)cn = 	 lL	 (30a)

E' A'  (€' ) 2 dx+ 
u

rL
E  A3 (E^) 2 dx

0

Due to shrinkage:

(kr)sh =	 1 (30b)
E' A'

1+ E
8 A8

where kr is the reduction factor for
the effect of non-prestressed tension
steel in reducing time-dependent
loss of prestress and camber. When
e' = e and E:4 = E 3 (an approximate
design condition in most cases), both
Eqs. (30a) and (30b) reduce to Eq.
(31).

Table 11. Experimental and theoretical values of the reduction factor, k,.

Series No. I II III IV
Beam No. 1 2 3 1 2 3 1 2 3 1 2 3
A'/A, 1.15 2.30 3.46 0.50 1.73 3.46 0 0 1.30 0.50 1.94 3.76

Experimental 100 70 60 100 62 32 100 70 43 100 78 39
range of k r to to to to to to to. to +-to to to to
during period, % 100 77 65 -.100 66 40 100 80 50 100 85 45

Average exp.
value ofk,.,% 100 74 63 100 65 37 100 77 48 100 83 42

Theoretical
value of k,., 100 74 56 100 56 42 100 73 48 100 54 44

The experimental value of k r is simply the ratio of the time-dependent camber
for two beams. In each series, the beam with the greatest time-dependent cam-
ber (smallest amount of non-prestressed tension steel, for example) was the
reference beam.

The theoretical values of k,, were determined using Eq. (30a) for the Series III
beams in which A'/A,= 0 for the reference beam; a more general equation
from Reference 34 was used for the beams of Series I, II and IV, which contained
varying amounts of non-prestressed tension steel including the reference beams
in each series.
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k,. = 1/ [1 + (A8/A8 )]	 (31)

The application of k, in the pre-
stress loss and camber equations
(Eqs. 17 to 29) is accomplished by
replacing all values of the creep co-
efficient and shrinkage strain with
modified values—k,. CE and k,. (e8,,) t-

42

in all terms, including those due to
composite slab effects( 28 ). k,. can also
be applied as a single reduction fac-
tor for time-dependent loss of pre-
stress and camber in approximate
calculations (see Table 11).

Experimental camber for the 12
beams of Reference 34 (6 x 8 in.,
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span = 15 ft.) are shown in Fig. 9
and experimental vs. computed re-
duction factors are shown in Table
11.

Deflection of uncracked and cracked
prestressed concrete members (ei-
ther with or without non-prestressed
tension steel). The method for com-
puting deflections of reinforced
beams( 8,L8,35,36 ), ACI Building Code
(ACI 318-71), is shown in Reference
34 to apply equally well to bonded
prestressed beams, either with or
without non-prestressed tension
steel, loaded into the cracking range.
Eq. (32) from the 1971 ACI Code
applies when MI.= ? M0,., otherwise
Jett = Ig.

Iets = (Mcr/Mmaa)3 Ig
+ [1 - (Mor./Mmoa)31Ior (32)

Experimental vs. computed results
are shown in Figs. 10 and 11 for
the 12 beams of Reference 34. For
loads up to 80 percent of ultimate,
with cracking loads of about 30 per-
cent of ultimate, the maximum devi-
ation between measured and com-
puted deflections was 19 percent.
The measured modulus of rupture,
fr, equal to about ].l, and a
calculated value for Ec wee used
in obtaining the computed results.

The 1971 ACI Code uses f,
7.5 f, for computing deflections of
normal weight concrete beams. In
Reference 36, fr ranges from 7.5
to 12 V7'. and in Reference 8, ave.
fr = 7.8 to 8.4 for normal
weight concrete. Based on the con-
stant 7.8, the following expression
for modulus of rupture of concretes
of different weight is recommended:

Jr = 0.65	 (33)
For computing deflections into the

cracking range under a superim-
posed load, or moment (ML)ma,,, use
September-October 1971

Eqs. (34), (35) or (36) for (ML),, in
Eq. (32).

For non-composite prestressed
beams:

(ML)c,• = F e +  Ig — MD + =9 (34)

For unshored composite pre-
stressed beams:

(Mz)^r — F e^ (yt)2 (19)c + F (I,,),
(ya)c (19)2	 (A9)z (Yt)c

— (Ml + M2) (Yt)2 (19),
(Yt)c (I3)2

+ /r (I')c
(Yt)c
	 (35)

Subscripts 2 and c refer to precast:
and composite sections, respectively,
and (Ml + M2) is the slab plus pre-
cast beam dead load moment.

For shored composite prestressed.
beams:

(ML),,. = same as Eq. (35), (except
delete Ml in the third
term), — Ml 	(36)

An average Iefi for simple spans
is given by Eq. (32). All terms in
Eqs. (32) to (36) refer to the maxi-
mum moment section, as at mid-
span for symmetrical simple spans.
For continuous beams, see Refer-
ences 38 and 39 for suggested pro-
cedures for obtaining appropriate
average values of Leff, relative to the
positive and negative moment re-
gions of a given span. The use of the
uncracked transformed section prop-
erties, instead of the gross section
properties, in Eqs. (32) to (36) will
yield only small refinements in most
cases.

Deflections under superimposed
loads are computed by Eq. (37), as
shown in Appendix C, where E0 Igff
is seen to be a "secant rigidity."

AL = K ML L2/E0 left	 (37)
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Fig. 10. Experimental and computed loss vs. mid-span deflection for
the Series I and II beams of Reference 34
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Fig. 11. Experimental and computed loss vs. mid-span deflection for
the Series III and IV beams of Reference 34

September-October 1971 	 45;



ACKNOWLEDGMENTS

This is a report of research con-
ducted under Iowa State Highway
Commission Research Project No.
HR-137, initiated in February 1968,
with the final report submitted Au-
gust 1970. Acknowledgment is made
of the assistance of Dr. B. L. Meyers,
University of Iowa; Messrs. S. E.
Roberts, Research Engineer, C. Pes-
totnik, Bridge Engineer, Y. H. Gee,
Assistant Bridge Engineer, and J. A.
Young, Research Technician, of the
Iowa Highway Commission; and Mr.
J. H. Boehmler, Jr., President, Pre-
stressed Concrete of Iowa, Inc. The
contribution of Dr. A. F. Shaikh,
University of Wisconsin—Milwaukee,
in connection with the material on
partial prestressing is also acknowl-
edged.

REFERENCES

1. Shideler, J. J., "Lightweight Aggre-
gate Concrete for Structural Use," ACI
Journal, Proceedings V. 54, No. 4,
Oct. 1957, pp. 299-328.

2. Klieger, Paul, "Long-Time Study of
Cement Performance in Concrete.
Chapter 10—Progress Report on
Strength and Elastic Properties in
Concrete," ACI Journal, Proceedings
V. 54, No. 6, Dec. 1957, pp. 481-504.

3. Jones, T. R., Hirsch, T. J. and Steph-
enson, H. K., "The Physical Prop-
erties of Structural Quality Light-
weight Aggregate Concrete," Texas
Transportation Institute, Texas A & M
University, College Station, Texas,
Aug. 1959, pp. 1-46.

4. Hanson, J. A., "Prestress Loss as Af-
fected by Type of Curing," PCI
Journal, V. 9, No. 2, April 1964, pp.
69-93.

5. Pfeifer, D. W., "Sand Replacement in
Structural Lightweight Concrete—
Creep and Shrinkage Studies," ACI
Journal, Proceedings V. 65, No. 2,
Feb. 1968, pp. 131-142.

6. Branson, D. E., Meyers, B. L. and
Kripanarayanan, K. M., "Loss of Pre-
stress, Camber and Deflection of Non-
composite and Composite Structures
Using Different Weight Concretes,"

Iowa Highway Commission Final Re-
port, No. 70-6, Aug. 1970, pp. 1-229;
"Time-Dependent Deformation of
Noncomposite and Composite Pre-
stressed Concrete Structures," Sym-
posium on Concrete Deformation,
Highway Research Record, No. 324,
1970, pp. 15-43.

7. Branson, D. E. and Christiason
M. L., "Time-Dependent Concrete
Properties Related to Design—Strength
and Elastic Properties, Creep and
Shrinkage," Special ACI Publication
on Creep, Shrinkage and Tempera-
ture Effects in Concrete Structures,
Symposium Volume, 1971.

8. Subcommittee II, ACI Committee 209,
D. E. Branson, Chairman, "Prediction
of Creep, Shrinkage and Temperature
Effects in Concrete Structures," Spe-
cial ACI Publication on Creep, Shrink-
age and Temperature Effects in Con-
crete Structures, Symposium Volume,
1971.

9. Pauw, Adrian, "Static Modulus of
Elasticity of Concrete as Affected by
Density," ACI Journal, Proceedings
V. 57, No. 6, Dec. 1960, pp. 679-687.

10. ACI Committee 318, "Building Code
Requirements for Reinforced Concrete
(ACI 318-63)," American Concrete In-
stitute, Detroit, Mich., 1963, pp. 1-144.

11. Neville, A. M. and Meyers, B. L.,
"Creep of Concrete: Influencing Fac-
tors and Prediction," ACI Special Pub-
lication No. 9, 1964, pp. 1-33.

12. Pauw, A. and Chai, J. W., "Creep
and Creep Recovery for Plain Con-
crete," Missouri Cooperative Highway
Research Program, Report No. 67-8.

13. Ross, A. M., "Concrete Creep Data,"
Structural Engineer, V. 15, No. 8,
Aug. 1937, pp. 314-326.

14. Troxell, G. E., Raphael, J. M. and
Davis, R. W., "Long Time Creep and
Shrinkage Tests of Plain and Rein-
forced Concrete," ASTM Proceedings,
V. 58, 1958, pp. 1 -20.

15. Reichart, T. W., "Creep and Drying
Shrinkage of Lightweight and Nor-
mal-Weight Concretes," NBS Mono-
graph 74, National Bureau of Stand-
ards, March 1964, 30 pp.

16. Keeton, J. R., "Study of Creep in
Concrete, Phases 1-5," Technical Re-
port Nos. R333-I, II, III, U.S. Naval
C.E. Laboratory, Port Hueneme,
Calif., 1965.

17. Lorman, W. R., "The Theory of Con-

46ҟ PCI Journal



crete Creep," ASTM Proceedings, V.
40, 1940, pp. 1082-1102.

18. Meyers, B. L., Branson, D. E., Schu-
mann, C. G. and Christiason, M. L.,
"The Prediction of Creep and Shrink-
age Properties of Concrete," Iowa
Highway Commission Final Report,
No. 70-5, Aug. 1970, pp. 1-140; "Pre-
diction of Creep and Shrinkage Be-
havior From 28-Day Data," XIV
South American Conference of Struc-
tural Engineering and IV Pan Amer-
ican Symposium of Structures, Buenos
Aires, University of Iowa Report No.
70-8, Oct. 1970.

19. European Concrete Committee (CEB),
"International Recommendations for
Design and Execution of Reinforced
Concrete Structures," proposed CEB
Code, 30 June 1969.

20. "Drying Shrinkage of Concrete," Cal-
ifornia Producers Committee on Vol-
ume Change and Affiliated Technical
Organizations, March 1966, pp. 1-40.

21. Hansen, T. C. and Mattock, A. H.,
"Influence of Size and Shape of
Member on Shrinkage and Creep of
Concrete," ACI Journal, Proceedings
V. 63, No. 2, Feb. 1966, pp. 267-289.

22. Branson, D. E. and Ozell, A. M.,
"Camber in Prestressed Concrete
Beams,"ACI Journal, Proceedings V.
57, No. 12, June 1961, pp. 1549-1574.

23. Corley, W. G., Sozen, M. A. and
Siess, C. P., "Time-Dependent Deflec-
tions of Prestressed Concrete Beams,"
Highway Research Board Bulletin 307,
1961, pp. 1-25.

24. Pauw, Adrian and Breen, John E.,
"Field Testing of Two Prestressed
Concrete Girders," Highway Research
Board Bulletin 307, 1961, pp. 42-63.

25. Subcommittee 5, ACI Committee 435,
"Deflections of Prestressed Concrete
Members," ACI Journal, Proceedings
V. 60, No. 12, Dec. 1963, pp. 1697-
1728; ACI Manual of Concrete Prac-
tice, Part 2, 1967.

26. Sinno, R., "The Time-Dependent De-
flections of Prestressed Concrete Bridge
Girders," dissertation, Texas A & M
University, 1968.

27. Branson, D. E., "Time-Dependent Ef-
fects in Composite Concrete Beams,"
ACI Journal, Proceedings V. 61, No.
2, Feb. 1964, pp. 213-230.

28. Branson, D. E., "Design Procedures
for Computing Deflections," ACI Jour-

September-October 1971

nal, Proceeedings V. 65, No. 9, Sept.
1968, pp. 730-742.

29. Magura, D. D., Sozen, M. A. and
Siess, C. P., "A Study of Relaxation
in Prestressing Reinforcement," PCI
Journal, V. 9, No. 2, April 1964, pp.
13-58.

30. Antill, J. M., "Relaxation Characteris-
tics of Prestressing Tendons," Civil
Engineering Transactions, Institute of
Engineers, Australia, V. CE 7, No. 2,
1965.

31. Evans, R. H. and Bennett, E. VV.,
"Prestressed Concrete," John Wiley
and Sons, New York, 1958.

32. Freyermuth, C. L., "Design of Con-
tinuous Highway Bridges with Pre-
cast, Prestressed Concrete Girders,"
PCI Journal, V. 14, No. 2, April 1969,
pp. 14-39.

33. Young, J. A., "Field Observation of
Five Lightweight Aggregate Preten-
sioned Prestressed Concrete Bridge
Beams," Final Report, Iowa Highway
Research Board Project No. HR-104,
1969, pp. 1-39.

34. Shaikh, A. F. and Branson, D. E.,
"Non-Tensioned Steel in Prestressed
Concrete Beams," PCI Journal, V. 15,
No. 1, Feb. 1970, pp. 14-36.

35. Branson, D. E., "Instantaneous and
Time-Dependent Deflections of Simple
and Continuous Reinforced Concrete
Beams," HPR Report No. 7, Part 1,
Alabama Highway Department, Bu-
reau of Public Roads, Aug. 1963
(1965), pp. 1-78.

36. ACI Committee 435, "Deflections of
Reinforced Concrete Flexural Mem-
bers," ACI Journal, Proceedings V.
63, No. 6, June 1966, pp. 637-674;
ACI Manual of Concrete Practice,
Part 2, 1967.

37. Branson, D. E. and Shaikh, A. F.,
"Favorable and Unfavorable Effects
of Non-Tensioned Steel in Prestressed
Concrete Beams," Iowa Highway Com-
mission Research Project No. HR-123,
Bureau of Public Roads No. HPR-1(3)
(Iowa), June 1967.

38. Branson, D. E., discussion of "Pro-
posed Revision of ACI 318-63 Build-
ing Code Requirements for Reinforced
Concrete," ACI Journal, Proceedings
V. 67, No. 9, Sept. 1970, pp. 692-695.

39. Subcommittee 7, ACI Committee 435,
"Deflections of Continuous Beams"
ACI publication in progress.

47



APPENDIX A

NOTATION casting
1 = subscript denoting cast-in- E, = modulus	 of	 elasticity	 of

place slab or the effect of prestressing steel
the slab (such as under E8 = modulus	 of	 elasticity	 of
slab dead load) non-prestressed tension

2 = subscript denoting precast steel
beam e, e' = eccentricity of prestressing

AD = area of gross section, ne- steel	 and non-prestressed
glecting the steel tension steel, respectively

A8 = area of prestressing steel ea = eccentricity of steel at cen-
A$ = area of non-prestressed ten- ter of beam (see Appendix

sion steel B); also used to denote ec-
At = area of uncracked trans- centricity of steel in corn-

formed concrete section posite section
b = width of compression face eo = eccentricity of prestressing
C.F. = correction factor steel at end of beam (see
C8 = creep coefficient at time of Appendix B)

slab casting F = prestress force after losses
C t = creep coefficient, defined as Fi = initial tensioning force

ratio of creep strain to ini- F. = prestress force at transfer
tial strain, at any time (after elastic loss)

Cil = creep	 coefficient	 of	 the 0 F = loss	 of prestress	 due to
composite beam under slab time-dependent effects only
dead load (such as creep, shrinkage,

C t2 = creep coefficient due to etc.); the elastic loss is de-
precast beam dead load ducted from Fr to obtain Fo

Cu = ultimate creep coefficient A F8 = total loss	 of prestress	 at
= subscript denoting compos- slab casting minus the in-

ite section; also used to de- tial elastic loss
note concrete

= subscript denoting crack- A Ft = total loss	 of prestress	 at
c,. any time minus the initial

D
ing

=differential shrinkage elastic loss

strain; also used to denote A FF = total ultimate loss of pre-

dead load stress minus the initial elas-

Ds = subscript denoting differ- tic loss

ential shrinkage to = concrete stress such as at
d = effective depth of section steel c.g.s. due to prestress
E, = modulus	 of	 elasticity	 of and precast beam dead

concrete,	 such	 as	 at 28 load in the prestress loss
days equations

E,j = modulus	 of	 elasticity	 of f is = concrete	 stress	 at	 steel
concrete	 at the	 time	 of c.g.s.	 due	 to	 differential
transfer of prestress shrinkage

EC8 = modulus	 of	 elasticity	 of f t = concrete stress at the time
concrete at the time of slab of transfer of prestress
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f ^, = concrete stress at steel
c.g.s. due to slab dead load
(plus diaphragm or other
dead load when applica-
ble)

f, 	 = modulus of rupture of con-
crete

= initial or tensioning stress
in prestressing steel

(f0) t = compressive strength of
concrete at any time

= ultimate (in time) compres-
sive strength of concrete

fv	 = yield strength of steel
H = relative humidity in per-

cent; also subscript denot-
ing relative humidity

Il 	= moment of inertia of slab
12 	= moment of inertia of pre-

cast beam
1, = moment of inertia of com-

posite section with trans-
formed slab; the slab width
is divided by E02/E01

1. =moment of inertia of
cracked transformed con-
crete section

1811 = effective moment of inertia
Ig	= moment of inertia of gross

section, neglecting the steel
It 	= moment of inertia of tin-

cracked transformed con-
crete section

= subscript denoting initial
value

K = deflection coefficient; for
example, for beams of uni-
form section and uniformly
loaded:
cantilever beam, K = 1/4

simple beam, K = 5/48
one end

continuous, K = 8/185
both ends

continuous, K = 1/32
kr = reduction factor for the ef-

fect of non-prestressed ten-
sion steel in reducing time-
dependent loss of prestress

September-October 1971

and camber
k8 =1 + e2/r2, where e is the

steel eccentricity and r2 _
h/ Ag

L = span length; also used as
a subscript to denote live
load

LA 	 subscript denoting loading
age

M := bending moment; when
used as the numerical max-
imum moment for beams
of uniform section and uni-
formly loaded:

cantilever
beam, —M = q L2/2
simple
beam, +M = q L2/8

one end
continuous, —M = q L2/8

both ends
continuous, —M = q L2/12

M, = maximum bending moment
under slab dead load

M2 = maximum bending moment
under precast beam dead
load

Me, = cracking moment
M„Z.. = maximum moment
m	 = modular ratio, E 3/E CS , at

the time of slab casting
n	 = modular ratio, E8/E, at

release of prestress
P	 = transverse load
PG = prestress gain in percent of

initial tensioning stress or
force

PL = total prestress loss in per-
cent of initial tensioning
stress or force

PL0I = prestress loss due to elastic
shortening

PL, = total prestress loss in per-
cent at any time

PL	 ultimate prestress loss in
percent

p = steel percentage, AS/bd;
also p = AO/A0 in approxi-
mate equation for Fo
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p

IN

q
S

U

w

yes

y:

= steel percentage for non-
prestressed tension steel,
A8/bd (per for 33 ksi yield
steel, pso for 60 ksi yield
steel, and p$ for high
strength steel)

= differential shrinkage force
= D Al E1/3. The factor 3
provides for the gradual
increase in the shrinkage
force from day 1, and also
approximates the creep and
varying stiffness effects

= uniformly distributed load
M subscript denoting time of

slab casting; also used to
denote steel

= time in general; time in
hours in the steel relaxation
equations, and time in days
in other equations

= subscript denoting ultimate
(in time) value

= unit weight of concrete in
pcf

= distance from centroid of
composite section to cen-
troid of slab

= distance from centroid of
section to extreme fiber in
tension

a. = ratio of creep coefficient at
the time of slab casting to
the ultimate creep coeffi-
cient, or

(3. = creep correction factor for
the precast beam concrete
age when slab cast

A = maximum camber or de-
flection

4	 = initial camber or deflection
(4)1 = initial deflection under slab

dead load
(A)2 = initial deflection under pre-

cast beam dead load
(A),• = initial camber due to the

initial prestress force, F.
AD = dead load deflection
AL = live load deflection
Di = total camber or deflection

at any time
A0 = ultimate camber or deflec-

tion
ect	 = initial concrete strain at

level of prestressing steel
G., = initial concrete strain at

level of non-prestressed
tension steel

(E8h)t = shrinkage strain at any
time

(e.h)u = ultimate (in time) shrink-
age strain
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APPENDIX B

COMMON CASES OF PRESTRESS DIAGRAMS WITH FORMULAS FOR
COMPUTING CAMBER

Fo e Moment Midspan Camber

Prestressed Beam Diagram Due to Fo e Moments

e }
V///Foe ( A i)Fo Foe L2/8 Ecil$

L/2ḏL/2

(A i)Fo F0ecL2/12 EciIg

Ftoeo } Fo(ec eo)LZḏFoeoL2

eoḏ—ḏ—. ec oec (D i)Fo=ḏ12 Eci I$ 	+ 8EciI$
__

eo t

}oeo

i F0(ec+eo)L2ḏFoeoL2
ec F eo c

I
(ҟi)Foḏ12 Eci Ig	 8EciI$f

(A i)F = 5 Foec L2 /48 Eci I$
o-ḏec Foeo

5F0(ec eo)L2ḏF0eoL2
eo	 c

IḏF e

E eḏo c0 (^ i)Fo-ḏ48 Eci I$ḏ+ BEciI$

eo

}o

5F0 (ec+eo)L2 	FoeoLZiZҟoe
=i) Foḏ48 Eci • I$	 BEciI$

-.1ḏa a ^.
Fo ecḏL2a2—%ec (A i

)FO
= EciI$ҟg ' 6.

eo

toeo f
Foec

Fo(ec_eo)^ L2 _ a2 )
(A i ) Fo=ḏEci Igḏ8	 6	 +

FoeoL2
BEcii$ec

Fo eo —^

} 1 f F0(ec+eo) IL2ḏa2

,

FoeoL2

eo fec oec (^ i)FoḏEci Ig	 l 8	 6 8EciI$
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APPENDIX C

For computing Ieff and AL as below

(ML)er/(ML)max = (AM — f DL + f r)/(fpe — fDL + ft)

f pe = compressive stress in concrete due to prestress only after all
losses, at the extreme fiber of a section at which tensile stresses
are caused by applied loads

fDL = stress due to service dead load at the extreme fiber in tension
fr = modulus of rupture of concrete
ft = total computed tensile stress (above the cracking stress), that is,

between fr and the maximum allowable stress which, by the
1971 ACI Code, is 12\

Note that, for the 1971 ACI Code, fr is 7•5V 6.4Vf, and 5.6' for normal
weight, sand-lightweight and all-lightweight concrete, respectively, and the
upper limit value of ft = 12Vr. Also for ffe — fDL = something less than 0.45 f;
(say 1500 psi), f, = 5000 psi, and Imo./I  = a lower value of 0.20, then
Ieff/I9 = 0.71, 0.66, 0.62 for normal weight, sand-lightweight and all-light-
weight concrete, respectively. Thus it is seen that a maximum reduction in
the effective I is about 29, 34 and 38 percent, respectively, for the live load
deflection increment for normal weight, sand-lightweight and all-lightweight
concrete, according to the 1971 ACI Code maximum allowable stress for
partially prestressed members.

DEAD + LIVEḏ Dead + Live
LOAD ORḏ Load or Moment
MOMENTḏ Versus Deflection

lRc Ieff/K L2 , from p L = K ML L2 /Ec Ieff-- (37),
1ḏwhere ML is the live load moment

Dead Load
Deflection AL -Live Load

Deflection IḏEc Ieff is a "Secant Rigidity"

Dead Load or Momen
/ḏ

Ieff = (Mcr/Mmaz)3 ig

+ 11 - (Mcr /Mmax)31 Icr--(32)

DEFLECTION
Camber Due to Prestress

Discussion of this paper is invited. Please forward your comments to PCI Headquarters
by Jan. 1 to permit publication in the Jan.-Feb. 1972 issue of the PCI JOURNAL.
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